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ABSTRACT
The object of this thesis is to investigate a number of simple flow
examples of air-water mixtures and to present the results in a simple quick
reference form which can be valuable for engineering use in design and under-
standing the phenomena of flow of two-component mixtures. The problems
analyzed are:
1. The one-dimensional trajectory of droplets accelerated in a
(YI;(· gas stream
2. The variation of stream properties during the droplet accelera-
tion process
3. The variation of stream properties due to wall friction with
water present in the stream.
The procedure used was entirely analytical. The results of the first
-a· problem were calculated, tabulated, and plotted in dimensionless form for
various water and air velocities, droplet diameters, distance moved down the
duct, and water and air properties. The plots should be valuable for engi-
neering use in determining the one-dimensional trajectory of spherical parti-
cles in a gas stream. An iteration procedure using the plots can be used where
air velocity, droplet diameter, or stream properties vary during the acceleration.
The results of the second and third problem were calculated, tabulated,
and plotted in dimensionless form for various water to air velocity ratios,
water to air mass rates, air Ivach numbers, and stream property ratios. The
results should be valuable for engineering use in all regions except near
choking conditions in the stream. Near this condition the air velocity increases
too rapidly for the droplets to accelerate with the air. Since this was one
of the assumptions in the analysis the plots are not correct in this region.
The analysis of the third problem incorporates in it a pseudo-frictional
term accounting for the effect of momentum exchange of droplets with the duct
wall. The exact nature of this effect is not known, but some correlation with
experimental data is given.
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The object of this thesis is to investigate a number of simple flow
examples of air-water mixtures. The problems to be analyzed are:
(1) the one-dimensional trajectory of droplets
accelerated in a gas stream,
(2) the variation of stream properties during the
acceleration process, and
(3) the variations of stream properties due to
wall friction with water present in the stream.
This investigation is undertaken as part of the Aerothermopressor
Project at Massachusetts Institute of Technology. The Aerothermopressor
is a device to increase the stagnation pressure of a gas stream by reducing
the stagnation temperature through evaporation of water injected into the
flow.
In the work on the Aerothermopressor, there has been no quick refer-
ence guide to aid in design or in understanding the phenomena of flow of
air-water mixtures. The purpose of this thesis is to analyze these separate
effects and to present the results in a simple quick reference form which





The example studied is the injection of one droplet at a given initial
velocity into a moving gas stream. The problem is to determine the subse-
quent droplet velocities as a function of distance moved downstream and the
properties of the gas and droplet.
The assumptions made are:
(1) the gas velocity is constant,
(2) the droplet is spherical and of constant
diameter during the acceleration, and
(3) the table of drag coefficient vs. Reynolds
number as given in reference (1) and repeated
in Table I is correct.
The details of this analysis are given in the appendix. It was necessary to
perform a graphical integration of a function of Reynolds number. The results
of one of these integrations is contained in reference (1). The other inte-
gration was done using the trapozoidal rule. The results of both these inte-
grations are given in Table II.
Results
Figures I and II are non-dimensional plots of droplet velocity vs. dis-
tance moved downstream as a function of gas velocity, droplet diameter, and
the properties of the gas and droplet. This same information is given in
Table III. Figure I is for droplet velocity less than gas velocity; Figure
II is for droplet velocity greater than gas velocity. The plots in Figures I
and II are normalized to specific initial droplet velocities. For droplet
-3-
velocity less than gas velocity, the initial droplet velocity is assumed zero.
For droplet velocity greater than gas velocity, the initial droplet velocity
is assumed twice the air velocity. For an initial droplet velocity other
than the normalized conditions, it is necessary to subtract the distance
read at the initial condition from that of the final condition. This is
shown in more detail in the appendix.
Figures I and II are used in the following manner: From given initial
droplet velocity, gas velocity, droplet diameter, and gas and droplet proper-
ties, calculate V- and . Enter the plot with these quantities to deter-
a a V
mine the initial point at the intersection of ordinate -W and the curve
corresponding to - · Read on the absicca the initial value jr . Now
a Vd w w w
follow along the same a curve to the intersection of that curve and the
V a
desired V- o r distance from the initial point. Read off the value ofdX Pa a W W
dX__ which gives the distance from the initial point with the required VW or
Vww V a
the value of at that distance respectively.
a
Figures III and IV are plots of distances required to reach specific
V
values of = .:.1 as a function of droplet diameter, air Mach number, and
a
given air properties assuming initial droplet velocity is zero. Figure III
is for air stagnation temperature of 700°F and stagnation pressure of 1 atmos-
phere. Figure IV is for air stagnation temperature of 1500°R and stagna-
tion pressure of 1 atmosphere.
If the gas velocity, droplet diameter, or the stream and droplet proper-
ties are not constant, the solution can be approximated by assuming the varia-
tion to occur in a stepwise fashion and apply the plots successively over
each step. This can be done in the case of evaporation in which a curve of
droplet diameter vs. droplet velocity or distance may be assumed, or in the
-4-
case of a converging or diverging section in which, because of known area
changes, a curve of gas velocity vs. distance can be assumed.
Conclusion
The results obtained are given in dimensionless form in as simple a
manner as possible. The plots should be valuable for engineering use in
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The example studied is the flow of an air-water mixture past two sections
1 and 2 in the flow. The problem is to determine the stream properties at
section 2 as a function of the water velocity at 2, the water rate, and the
stream properties at section 1.
The assumptions made are:
(1) Constant area flow
:: (3) AdIb~ahati Junn nhana in anation Tmne .rarq
(3) No evaporation of water droplets
(4) No change in temperature of droplets
(5) Perfect gas relation holds for air.
The details of this analysis are given in the appendix. The general method
of performing the analysis is given in reference (2).
Results
o T P P w
Values of , , , and were calculated for V = 0, 1 for
To 0 a
various water rates and Mach numbers. The star condition is a normalized
V
condition corresponding to 0 = and M = 1 and-does not depend on the water
a
rate. These values are tabulated in Tables IV through VIII. The guiding prin-
To
ciple in using the tables is that T - is constant in going between tables.
0o
Figures V through X show the effect of droplet acceleration on stream
V V
w bW
properties assuming that at section l, V = , and at section 2, = for
a a
various initial Mach numbers and water rates. The numbers on each curve indi-
w
cate the water rate to air rate ratio, w , and the letter S on some branches
a
of the curves indicate that a normal shock in the flow is necessary to reach
these states.
-10-
Figures V through X are used in the following manner: Knowing the
stream properties at section 1, the point of injection of the water, enter
the required plot with the and . Read on the ordinate the value of the
a
ratio of the desired property at section 2 to that at section 1.
Conclusion
The plots given are easy to use and are correct within the assumptions.
However, near choking conditions the air velocity increases very rapidly. It
is erroneous to assume that the droplets will be able to accelerate with the
stream in the absence of very large drag coefficients. Therefore, near
choking conditions the plots will not give a correct answer to the variation
of stream properties due to droplet acceleration. However, the value of M1
where choking of the flow at section 2 is indicated is approximately correct.
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IV. MODIFIED FANNO LINE ANALYSIS
Procedure
The example studied is the flow of an air-water mixture in a pipe with
wall friction and droplets striking the wall. The problem is, knowing the
initial stream properties and friction factor, to determine the stream proper-
ties at any section downstream.
The assumptions made are:
(1) Constant area flow
(2) Adiabatic-no change in stagnation temperature
(3) No evaporation of water droplets
(4) No change in temperature of droplets
(5) Perfect gas relation holds for air
V
(6) For droplet entrained in air stream; V = 1
V a
(7) For droplet on the wall; = 0
(8) In each differential section an amount of water leaves
the stream and hits the wall, and an equal amount of
water leaves the wall and is picked up by the stream
(9) That this amount of water is proportional to the
length of section
The details of this analysis are given in the appendix. The general method
of performing the analysis is given in reference (2).
Results
Values of + a P T V F
~~~~K Values o * R ' P* ' T* ' V* and F were
ater rates nd Mach numbers
ca noralculated fon ir various water rates and Mach numbers. The star onditlon is
a normalized condition corresponding to choking of the flow. These values,
to slide rule accuracy, are tabulated in Tables XII through XV and plotted in
Figures XI through XVII. These figures show the effect of friction and
droplet momentum exchange with the walls on the stream properties. The numbers
w
on each curve indicate the water rate to air rate ratio, W
The symbol K in the term + K Lm incorporates as a pseudo-fric-
tional term the effect of momentum exchange of droplets with the wall. This
term is a function of the water rate to air rate ratio, , the duct diameter,
W
and the droplet diameter and perhaps other stream properties. The nature
of this function is not known. However, using the data of reference (3)
for sand together with the low Mach number analysis described in the appen-
dix, it appears that K .4 ww for 1" diameter pipe and sand diameter of
a
200 p. and 450 p. It appears that the constant of proportionality is slightly
smaller for smaller sand diameters. The effect of duct diameter is no known.
Figures XI through XVII are used in the following manner: Knowing the
initial stream properties enter Figure XI with the initial Mach number, M1 ,
and W and read off the value [4f ] Lmx Thenknowing [4f + K and
the length of duct from the initial section 1 to any other section 2, calculate
[f + K · 2.Then calculate [4 + 1 = f + KJ L - [4 Df+ K] h2
Enter Figure XI with[4 D L and and read off M2 . Then enteringEnter Fgr Ii
the desired plot of properties with M, M 2 and i , read off the value of
a
the normalized property at sections 1 and 2. From this form the ratio of the
property at 2 to that at 1. Knowing the value of the property at 1, the vlue
at 2 can be calculated.
Figure XVII is -used to determine the Mach number after a normal shock
w Vwknowing the Mach number and Just before the shock and assuming V = i on
a sides of the shock nter theplot with initial M and a
both sides of the shock. Enter the plot with initial M and - to find initial
Wa
F
point. Follow across horizontally with constant until reaching the same
w
_w curve. Read the value of M after the shock.
a
Conclusion
Prw4vr4And m,-r4 ,frma+4l- n -kA ho r yRf ndrAnl +1hn nia.a--,-f,4 r
tional term, K, the plots given can be valuable for engineering use. This
could well form the basis of a thesis to determine whether this simple model
of the ow is correct and to correlate data in the field to two-component
f flows.
In addition, very near choking conditions this model of the flow is not
correct since the air velocity increases very rapidly in a very short length.
It is erroneous to assume that the droplets can accelerate with the stream
in the absence of very large drag coefficients. Therefore, near choking
conditions the plots will not give a correct answer to the variation of
stream properties due to friction.
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A = CROSS 5EcrIONAL AREA
C = 5 PEED OF SOUND
CD= DRAG COEFFICIENr
Cp= SPECIFIC HEA A COvs rANT PRE5SURE
D HYDRAULIC DIAMETER OF DUCT
dur= DROPLET DIAMETER
f FRICTION COEFFICIENr OF DUCT
F= IMPULSE FUNCTiON (PA*tfAV 2)
h = SPECIFIC ENTHALPY
K: RArio OF PECIFIC HEAT5 (CP/Cv)
LMAx= MAXIMUM LGTH OF DUCT FOR CHOKING FLOW
M MACH NUMBER
m= MAS5 OF PROFPLEr
P= STATIC PRE-ssURE
rq Po= 15ENfrROPIC STAGNATION PRESSURE
R = REYNOLDS NUMBER/
T TE4vPEfATURE (ABSOLUTE)
To - ISENTROPIC SA GNATIOIV TEMPERATURE (ABSoLUTt)
t = TIlE
V = VELOCITY
cUr=MASS RATE OF FLOWVV
X DISTANCE ALONG DLcr
P= MASS DENSITY
I) = KINEMATIC VISCOSITY
()*-= REFERS T A NORMALIZED CHOKIlI6 CONDITIOON
( )o- FEFER5 To AIR
)ur= REFER5 TO WA1ER
( )= REFERS r ISENTROPIC STAGNIATO/V COND/TON
= REFERS ro STo I
( ) = REFERS To SEC TION Z
()'R- REFERS TO CONDIlr/ON RELATIVE TO AIR
21
DROPL ET TRAJECTORY- DEFAILS OF ANALYSIS
IIVOIV IO AL DROPL'T5 /NJrCTED INTO MOV1Nd AIR TREAM
Va '= Co/vSrANr
VR= V 4 -V.,
Vp- Vw.V4
(FOR(roe Va > 1/UW)VW ( 4 -)
, dCL 
EQUArIoN ON DOPLEr
m _ coD dt 
.gR. = _ ,Zt, A
co R-1 z d md^ _ /4A
-- aC Io sP.i u
4= _ ? _a-








, d x R









= - --Pa. A-
z 










OF REAL D ISrANCE 5
= /a t, 2 - X,
NOTE: /IF Va. > VLur X /5 / N r /AT'1 V5,-Dt REC r/'OV
IN EQIUArO/ (4) SI&N OFLAS TERM













V = Va- i; s
so rTHAt /I/r/ALLY,
O THAT:
vu- o O Fol Va > V-
FOR V < V
LET 7T/s NI6O1iALIZEC,Pos'or/ON BE
PO/NT DO WN rREAM





























































































































































































2 105 16.8 x 109
Table II
Values of X = f (R), Y = f (R)












































































x 1 - 4
x 10-3





















Table II - Cont.
R ¥ Rl. ~~x




.1 .2185 4. 66
*05 .2472 20.83 10 - 4
o01 .3142 4.166
.005 .3432 20.33 X 1O
10-3 .4102 4 166
0-a .5062 4.166 x 10-
I0- 53 . 6022 4o166 x 10-7
n oo A)tk/ U
Table III




Z - for < Va
dw PwZ2 for > a

























































































































































































































































































































































































































































































EFFECT OF DROPLEr ACC
ASSUMP/oNS:
I. ADIABATIC - NO CHAffM6c
a. OV EVAPORATION OF





EM PER AT UR E
S RELATION /
2N ON AIR STREAM
4TION TEIVPERATURE
DROPL TS












fw V,= P+ L7'
BUT. :V 2 = K PM 2'
WI
WLru
A to + "
la
WCLI
,'f' L~rm' (LY' .'
h urol
T C +


























DIS CON INU/IT Y ANALYSIS - CON 'r
o T
DEFINE:
I +1 (A, Vu7 )A12






[} +( uLre. ) KM I
km# 2










11w-(,+! a - )M ]
ML vQ)M
(K/)































k (/* W-"rlAro- VL M
L I
DISCONTINUITY LAN4A LS I -CON T
Z. ASSUMAI6 DROPLErS ARE NOrl DECELERATED
2 /-
_ Kl X-









FOR M FROM O 2;
= 0ANDI 2s is * ) j a
VALUE5 OF /", "I2.
"Pol
PL OTTFO V3 M, (N F16URE5 THROUGH X
AND M /15 TABULATr
M, FROl O ro 2;
A SS UMI/G V. = 
Va 
=o,
V/5 M, IN TALB 6g-
. I


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Table VIII - Conto
M To p P 
T Po* P* T*
.80 .71277 .00143 1.06458 1.0176
o 8 .71363 1 . 0047 1 C.03542 1 o 0099
.64 .71427 1. C0002 l. 00714 020
.86 .71414 1. 00019 .97975 .9941
.88 . 71349 I. 00084 .95320 , 9862
. n .71237 1. 00208 .92750 .9782
. 2 .71082 i. 00385 .90261 .701
.9 4 .70891 1. 00616 .87852 .9539
. 96 .70665 1. C00900 .85521 ., 39
.98 o 70408 1.01238 . 83264 .9457
1. 00 .70124 1. 01633 .81081 .9375
1. 05 .69317 1.02851 .75928 .9169
1.10 .68402 1.04415 .71183 . 963
1.15 .67415 1.0o6314 .66813 8757
1 .20 . 6382 1. 08560 .62788 .8552
.25 .65325 i.1115 .59077 . 348
1 .30 .64262 1. 1410 .* 55653 .8146
1o40 .62161 1.2108 ° 49570 07748
1.50 .6014.7 1 95 .44362 .7362
1. 60 . 58258 1. 3970 .39883 .6990
1.70 0 .56507 . 5154 .36012 .6633
1.80 .54899 1 6526 .3 2651 . 6292
1.90 .53 428 1. 8 .29707 .5968




Values of MI2 = f , Perfect Gas, K = 1.4








































.472 4 , ,"
.436
.498





































































* .. ; *. e
. !:' 6. O"1 80 "
%!N 
Table IX - Cnt,
M2 for ww =
Wa
Ml1 .2 .3 4
.51 .537 573 .626 .745
o 516 845
.52 .549 .589 .651
.53 .563 .607 .683
°54 .575 .625 .718







































































































































MODIFIED FANNO L INE ANALY51 
FRICrIONAL, ADIABATIC, CONSrANT-AREA.
AsSuMErI/oN :
I. ADIA BArIlC - MVO CH4N6E IN 5A6NATION T,PERATRE
2.NO fEVAPORATIOV OF WATER DROPLETS
3.N CA/6t IN TtMPERATURE OF WATER DROPf5
4, PERFECt GAS RELATION HOLD5 FOR AIR
. FOR DROPLEr E-NRAINED /N AIR STREAM; =I
6. FOR DROPLer N THE WALL; L 
7. IN EACH D/FFfRERNrIA L ECTI/ON, LEN6r dx AA
AMOUNT OF WAre, dwu ) LEAVE5 TE STEReAM
ANC HIrJ ThE WALZ. IN ADDITION AN AMOUNT OF
WATeA, ) dU'&, .EAVE5 THE WA£L AND 15 P/CK5D








.m__ d Y _ (j)
MODIFIED FANNO LINE ANAL Y5 - CON '
wo (ha * d
{(W' tTuf 2U(VXz
h)






dha - CPadr )







't' L(1it CZ )Ma~~ u0i --Ij(  th
) V STATE WITH WATrFR
TlE FILM T41C4NES5
ANY SECTION
IS NEG L I61BLE.
0 da o4
dAlM




IS CONS AIYr w /H
































( urw) dV+dw V
















REs UL T5 OF 5lMILrAFVEOU5 SOLUTION Of FQUATION












0) HRoilH ) IN rALE 









rM2 Arr 1--l -
I
[C/fotn %) Ila fco inoN7
RS UL T-5 OF IlrE6RAT rON AND ITE6FAAL
ARE GIVEN IN
RELArTIONS
TERIfJ , K] dX
JA< l KMZ Y+ i (I e @),z 7 I
Mz ',r+ m - -
1- (+ ,War M
i-C -) /r7z
VZ~ ,
I~~~ L _H91(- )\ 











MODIFIED FANNO LINE ANALYSIS - CON'T
TABLE
FORMULAS IN








P [ I+ .f Al








D ECEL ER A rE
_ L 1 _ 
DO NOT
15ENTROPICAL Y:. I
I (I, * r) M]
I --
DEC EL IERATfE:







'a 2 +' g ( .6. 
I
















MODIFIED FANIVO LINE ANALYSIS - CON'T
OF E4+LMAA ; po
10F 4
P .1
' To, . V/F.* -P , we*,
61 VEN FOR V4 UES OF Ai FRM 0 r 2
IN TABLES Z THROUGH







UUrr=.i. ;. j. 




Mt <<1 . Pi.
KM2 7








2 ml /8 D
PALO Poz M K4 
PCf
- I













.+±+ K L1* 2
-62-
Table XII
Frictional, Adiabatic, Constant Area Flow





























































































































































Frictional, Adiabatic, Constant-Area Flow
Perfect Gas, K
































































































































































Frictional, Adiabatic, Constant-Area Flow

































































































































































Perfect Gas, K = 14,
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